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Effect of covalency and interactions on the trigonal splitting in Na
x
CoO2
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We calculate the effective trigonal crystal field ∆ which splits the t2g levels of effective models
for NaxCoO2 as the local symmetry around a Co ion is reduced from Oh to D3d. To this end
we solve numerically a CoO6 cluster containing a Co ion with all 3d states and their interactions
included, and its six nearest-neighbor O atoms, with the geometry of the system, in which the
CoO6 octahedron is compressed along a C3 axis. We obtain ∆ ≈ 130 meV, with the sign that
agrees with previous quantum chemistry calculations, but disagrees with first-principles results in
the local density approximation (LDA). We find that ∆ is very sensitive to a Coulomb parameter
which controls the Hund coupling and charge distribution among the d orbitals. The origin of the
discrepancy with LDA results is discussed.
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I. INTRODUCTION
The doped layered hexagonal cobaltates NaxCoO2
have attracted great interest in the last years due to the
high thermopower and at the same time low thermal con-
ductivity and resistivity for 0.5 < x < 0.9,1,2 and the
discovery of superconductivity in hydrated NaxCoO2.
3
Further attention was motivated by the fact that first-
principles calculations in the local density approximation
(LDA)4–6 predicted a Fermi surface with six prominent
hole pockets along the Γ − K direction, which are ab-
sent in measured angle-resolved photoemission (ARPES)
spectra.7,8 To explain the discrepancy, several calcula-
tions including correlation effects were made.9–15 These
studies used an effective model Heff for the t2g 3d states
of Co, split by the trigonal crystal field ∆ into an a′1g sin-
glet and an e′g doublet.
16 Except for some simplifications
used in the different works, Heff has the form
Heff =
∑
i,σ
∆(
∑
β∈e′
g
d˜†iβσ d˜iβσ − d˜†ia′
1g
σ
d˜ia′
1g
σ)
+
∑
iδβγσ
t˜βγδ (d˜
†
i+δ,βσ d˜iγσ +H.c.) + Ueff
∑
iβ
n˜iβ↑n˜iβ↓
+
1
2
∑
i,γ 6=β,σσ′
(U ′eff n˜iγσn˜iβσ′ + Jeff d˜
†
iγσ d˜
†
iβσ′ d˜iγσ′ d˜iβσ)
+ J ′eff
∑
γ 6=β
d˜†iγ↑d˜
†
iγ↓d˜iβ↓d˜iβ↑, (1)
where d˜†iβσ creates a hole on an effective t2g orbital at
site i with spin σ. The first term is the effective trigonal
splitting mentioned above, the second term describes the
hopping between orbitals at a distance δ and the remain-
ing terms are effective interactions discussed for example
in Ref. 17.
In most works, ∆ and t˜βγδ were derived from fits to
the LDA bands and the interaction parameters were es-
timated. These fits give either ∆ = −10 meV9 or ∆ =
−130 meV.10 With these parameters and realistic values
of the Coulomb repulsion Ueff , correlations are not able
to reconcile theory with experiment, as shown by differ-
ent dynamical-mean-field-theory (DMFT) studies.12,13,15
The pockets still remain in the calculations.
Using instead an Heff derived from a multiband Co-O
model Hmb through a low-energy reduction procedure,
17
and the value ∆ = 315 meV obtained from quantum-
chemistry configuration-interaction calculations,18 these
pockets are absent and the electronic dispersion near the
Fermi energy agrees with experiment.15 In this proce-
dure, no LDA results were used. The parameters of Hmb
were taken from previous fits of of polarized x-ray ab-
sorption spectra,19 and the parameters ofHeff other than
∆ were obtained fitting the energy levels of an undis-
torted CoO6 cluster (Oh symmetry) and calculating the
effective hopping between different CoO6 clusters,
17 fol-
lowing similar ideas that were successful in the supercon-
ducting cuprates.20–22 In these systems, low-energy re-
duction procedures that eliminate the O degrees of free-
dom, simplifying the problem to an effective one-band
one,20,23–29 have been very successful, in spite of the fact
that doped holes enter mainly at O atoms30–32. Op-
tical properties related with O atoms were calculated
using these one-band models, which do not contain O
states.20,21
Summarizing previous results, if ∆ is taken as a pa-
rameter, a positive ∆ has the effect of shrinking the
pockets, and for large enough ∆, the pockets disappear
from the Fermi surface, reconciling theory with ARPES
experiments.12,13,15 A positive value has been obtained
by quantum-chemistry methods18 and a negative one is
obtained fitting the LDA dispersion with Heff .
9,10 Thus,
the origin of the discrepancy between different methods
and the actual value of ∆ remains a subject of interest.
It is known that in general, the LDA underestimates
gaps and has difficulties in predicting one-particle exci-
tations energies. Thus one might suspect that the pa-
rameters of Heff , including ∆ calculated with LDA are
2not accurate enough when covalency and interactions are
important. This is the case of NiO, for which agree-
ment with experiment in LDA+DMFT calculations is
only achieved once the O bands are explicitly included
in the model,33 or when the O atoms have been inte-
grated out using low-energy reduction procedures, which
take into account correlations from the beginning.33,34
In covalent materials, the crystal-field splitting of
transition-metal ions is dominated by the hopping of
electrons between these ions and their nearest ligands.35
In particular for NaxCoO2, an estimate based on point
charges gives ∆ = −25 meV.36 This shows that the effect
of interatomic repulsions is small and of the opposite sign
as that required to explain the ARPES spectra. The ef-
fects of covalency of Co and its nearest-neighbor O atoms
and all Co-Co interactions are included in a CoO6 clus-
ter in the realistic (D3d) symmetry. In this work, we
solve numerically this cluster and calculate the effective
splitting ∆, neglecting interatomic repulsions. We also
analyze the effects of different parameters on ∆. The
main result is that ∆ ≃ 130 meV and very sensitive to
a parameter which controls the Hund rules. It is also
sensitive to the cubic crystal-field splitting 10Dq. A pos-
sible reason of the discrepancy with the LDA results is
discussed.
In Section II, we describe the model, parameters, and
briefly the formalism. Section III contains the results.
Section IV is a summary and discussion.
II. THE MODEL AND ITS PARAMETERS
The multiband model from which Heff is derived, de-
scribes the 3d electrons of Co and the 2p electrons of
the O atoms, located in the positions determined by the
structure of Na0.61CoO2 at 12 K.
37 In this work we re-
strict the calculation to a cluster of one Co atom and
its six nearest-neighbor O atoms. The relevant filling for
the calculation of ∆ corresponds to formal valences Co4+
and O2−, or 41 electrons to occupy the 3d shell of Co
and the 2p shells of the six O atoms. This corresponds
to 5 holes in the CoO6 cluster. Thus, it turns out to
be simpler to work with hole operators (which annihilate
electrons) acting on the vacuum state in which the Co
ion is in the 3d10 configuration and the O ions are in the
p6 one. The most important physical ingredients are the
interactions inside the 3d shell HI and the Co-O hop-
ping (tηξj below), parameterized as usual, in terms of the
Slater-Koster parameters.38. We include a cubic crystal
field splitting ǫt2g − ǫeg = 10Dq
The Hamiltonian for the CoO6 cluster takes the form
Hmb =
∑
α∈eg ,σ
ǫegd
†
ασdασ +
∑
β∈t2g,σ
ǫt2gd
†
βσdβσ +HI
+
∑
jησ
ǫOp
†
jησpjησ +
∑
jηξσ
tηξj (p
†
jησdξσ + H.c.)(2)
The operator d†ξσ creates a hole on the orbital ξ of Co
with spin σ. Similarly p†jησ creates a hole on O 2p orbital
η at site j with spin σ. The first two terms corresponds
to the energy of the eg orbitals (x
2 − y2, 3z2 − r2) and
t2g orbitals (xy, yz, zx) written on a basis in which x,
y, z, point to the vertices of a regular CoO6 octahedron
(symmetry Oh). The compression along the axis x+y+z
reduces the symmetry to D3d and splits the states of
symmetry xy+yz+zx (a′1g in D3d
16) from the other two
t2g ones (e
′
g in D3d).
HI contains all interactions between d holes assum-
ing spherical symmetry [the symmetry is reduced to Oh
by the cubic crystal field 10Dq and to D3d by the last
(hopping) term of Eq. (2)]. The expression of HI is
lengthy. It is included in the Appendix [Eq. (A4)] to-
gether with a brief description of its derivation for the
interested reader. A more detailed discussion is in Ref.
17. The form of HI is rather simple and well known
when either only eg orbitals
39 or only t2g orbitals [as in
Eq. (1)]40,41 are important, although the correct expres-
sions were not always used.40,42 In the general case, HI
contains new terms which are often disregarded. For ex-
ample in a recent study of Fe pnictides,43 a simplified ex-
pression derived previously44 was used. More recently, to
estimate the effective Coulomb interaction for transition-
metal atoms on metallic surfaces, only density-density
interactions were included.45 Some of the effects of these
simplifications were discussed in Ref. 17.
All interactions are given in terms of three free parame-
ters F0 ≫ F2 ≫ F4. For example the Coulomb repulsion
between two holes or electrons at the same 3d orbital is
U = F0+4F2+36F4, and the Hund rules exchange inter-
action between two eg (t2g) electrons is Je = 4F2 +15F4
(Jt = 3F2 + 20F4). Thus F2 is the main parameter re-
sponsible for the spin and orbital polarizations related
with the first and second Hund rules respectively.
Note that in Eq. (2) there is no trigonal splitting.
This means that we take the bare value of the splitting
∆0 = 0 (neglecting the effect of interatomic repulsions).
The dressed value ∆ that enters the effective Hamiltonian
Eq. (2) is calculated as
∆ = E(e′g)− E(a′1g), (3)
where E(Γ) is the energy of the lowest lying state that
transforms under symmetry operations according to the
irreducible representation Γ of the point group D3d.
16
As in previous calculations for the regular CoO6 oc-
tahedron (with symmetry Oh),
17 the diagonalization is
simplified by the fact that several linear combinations
of O 2p orbitals do not hybridize with the Co 3d ones,
forming non-bonding orbitals. However in the present
case, the reduced D3d symmetry increases the bonding
2p combinations to seven, and a different basis should
be used, but still the size of the relevant Hilbert space is
small enough to permit the diagonalization numerically
by the Lanczos method.46
3As a basis for the present study, we take parameters
determined previously19 from a fit of polarized x-ray ab-
sorption spectra of NaxCoO2 to the results of a CoO6
cluster with 4 and 5 and holes including the core hole. In
the present case, we have neglected the O-O hopping for
simplicity (this allows a reduction of the relevant Hilbert
space). Thus, the parameters of Hmb in eV are
19
F0 = 3.5, F2 = 0.2, F4 = 0.006,
ǫO = 13, ǫt2g = 1.2, ǫeg = 0,
(pdπ) =
−√3
4
(pdσ) = 1. (4)
The choice of the origin of on-site energies ǫeg = 0 is
arbitrary. The resulting values of U = 4.516 eV and
charge transfer energies are similar to those derived from
other x-ray absorption experiments.47 We note that while
above ǫt2g− ǫeg = 10Dq = 1.2 eV, the effect of hybridiza-
tion increases the splitting between t2g and eg orbitals to
more than 3 eV.
III. RESULTS
The splitting ∆ is determined from Eq. (3). We have
also calculated the occupation of the a′1g 3d orbital in
each state to verify that the expected physics is obtained.
For the parameters determined previously [Eq. (4)],
we obtain ∆ = 124 meV. The sign agrees with quantum-
chemistry configuration-interaction calculations18 which
obtained ∆ ≈ 300 meV, although our magnitude is
smaller. The difference might be at least partially due to
some uncertainty in our parameters determined from a
fitting procedure. Motivated by this possibility, we have
studied the effect of different parameters on the results.
Of course, since we have neglected interatomic interac-
tions, ∆ vanishes if the hopping parameters pdσ and pdπ
are zero, and one would expect than an increase in these
parameters, has the largest impact on ∆. However, we
find that an increase of 50% in the hopping increases ∆
by only 25%. In addition, changes of the oxygen energy
ǫO (the charge transfer energy) or F0 (which determines
the intra-orbital Coulomb repulsion U) by 1 eV have an
effect of only a few percent on ∆.
Instead, and rather surprisingly, as shown in Fig. 1, ∆
is very sensitive to F2, the most important parameter in
the expressions for the exchange between d electrons [Jν
with ν = e, t, a or b in Eq. (A4)] and the inter-orbital
repulsions (U − 2Jν) among other interactions. Thus, it
is the main responsible for the spin and orbital polariza-
tions resulting in the first and second Hund rules. In par-
ticular, the repulsion between different eg (t2g) orbitals
is reduced with respect to the intra-orbital repulsion U
by 2Je (2Jt) (see the Appendix).
∆ becomes negative for F2 < 21 meV. Curiously, in-
creasing F4 has a small effect, but in the opposite sense
as increasing F2. This points to non-trivial effects of the
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FIG. 1: Trigonal splitting as a function of F2 keeping the
remaining parameters as given by Eq. (4).
correlations, particularly those involving both eg and t2g
electrons. When both F2 and F4 vanish we obtain a small
positive value ∆ = 12 meV. If one adds to this result
the contribution -25 meV from the interatomic Coulomb
repulsion estimated using point charges,36 one obtains
a value close to -10 meV, obtained in one of the LDA
calculations.9 This suggest that the LDA negative results
for ∆ might be due to the difficulties of LDA in treating
correlations related with the Hund rules. In particular,
it is known that orbital-related Coulomb interactions are
underestimated in the spin LDA,48 and empirical orbital
polarization corrections49 are frequently used to cure this
problem. This fact has been also analyzed in the frame-
work of a self-consistent tight-binding theory50
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FIG. 2: Trigonal splitting as a function of the cubic crystal
field keeping the remaining parameters as given by Eq. (4).
The fact that correlations between both eg and t2g
4holes play a role is supported by the dependence of ∆ on
the cubic crystal field parameter 10Dq, displayed in in
Fig. 2. Note that this parameter in the present case rep-
resents only the contribution of interatomic repulsion to
10Dq. The covalency part is included in our calculation
and the splitting between hybridized eg and t2g is larger
than 3 eV. Also in the fitting procedure, the best value of
10Dq depends on composition x, being 1.2 eV for x = 0.4
and 0.9 eV for x = 0.6.19 For the latter value ∆ increases
to 134 meV. As it is apparent in Fig. 2, ∆ increases with
decreasing 10Dq. This shows that the eg states play an
important role. In fact, the results for the regular oc-
tahedron show that although these states are absent in
the effective Hamiltonian for the cobaltates, they have a
larger degree of covalency than the t2g states.
17 Most of
the O holes reside in bonding combinations of eg symme-
try.
IV. SUMMARY AND DISCUSSION
Using exact numerical diagonalization of a CoO6 clus-
ter, with the realistic geometry of NaxCoO2, we have
calculated the effects of covalency and interactions on
the trigonal crystal-field parameter ∆, which splits the
t2g states in Oh symmetry into a
′
1g and e
′
g in the reduced
D3d symmetry. This parameter enters effective models
[of the form of Eq. (1)] for the description of the elec-
tronic structure of NaxCoO2 and only positive values (in
contrast to the negative ones obtained from LDA) seem
consistent with ARPES data.12,13,15. We obtain ∆ ≈ 130
meV.
While changes of the order of 1 eV in charge-transfer
energy or F0 (which controls the part of the Coulomb
repulsion which does not depend of the symmetry of the
orbitals) do not affect ∆ very much, we find that ∆ is
very sensitive to the parameter F2 which controls (among
others) interaction constants related with the Hund rules
(exchange interactions and decrease of inter-orbital re-
pulsions with respect to intra-orbital ones). To a smaller
extent, it is also sensitive to the cubic crystal field 10Dq
reflecting the importance of interactions between t2g and
eg states, and the effect on the latter on the effective
parameters.
Since the LDA underestimates correlations that affect
the orbital polarization of the d states,48–50 this is likely
to be the reason of the failure of LDA approaches and
effective models based on LDA parameters, to reproduce
the observed ARPES data. In fact, since the exchange
and correlations in LDA are based on a homogeneous
electron gas, it is expected that this approximation treats
F0 (the part of the repulsion which does not distinguish
between different orbitals) in mean field, but does not
contain the effects of F2 and F4, which depend on the
particular orbitals. The exchange of the electron gas
taken into account in the LDA helps to follow the first
Hund rule (maximum spin), but the second one, related
with orbital polarization, is not well described and seems
crucial to establish effective energy differences between
different orbitals inside an incomplete d shell.
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Appendix A: Interactions inside a d shell
The part of the Hamiltonian that contains the interac-
tion among the 10 d spin-orbitals is51
HI =
1
2
∑
λµνρ
Vλµνρd
+
λ d
+
µ dρdν , (A1)
where d+λ creates an electron or a hole at the spin-orbital
λ (HI is invariant under an electron-hole transformation)
and (neglecting screening by other electrons)
Vλµνρ =
∫
dr1dr2ϕ¯λ(r1)ϕ¯µ(r2)
e2
|r1 − r2|ϕν(r1)ϕρ(r2),
(A2)
where ϕλ(r1) is the wave function of the spin-orbital λ.
Assuming spherical symmetry, these integrals can be cal-
culated using standard methods of atomic physics52 in
terms of three independent parameters Fj , j = 0, 2, 4,
which are related to decomposition of the the Coulomb
interaction e2/|r1 − r2| in spherical harmonics of degree
j. To remove uncomfortable denominators, the three free
parameters are defined as F0 = R
0, F2 = R
2/49 and
F4 = R
4/441, where
Rk = e2
∫ ∞
0
∫ ∞
0
rk<
rk+1>
R2(r1)R
2(r2)r
2
1r
2
2dr1dr2, (A3)
R(r) is the radial part of the wave funcion of the d or-
bitals and r< (r>) is the smaller (larger) between r1 and
r2. The angular integrals are given in terms of tabulated
coefficients.17,52 Screening reduces F0 significantly, but
not F2 and F4.
The final result can be written in the form below.17 To
express it in a more compact form, we introduce different
sums which run over a limited set of orbitals as follows.
The sums over α run over the five d orbitals, those over
β, γ run only over the t2g orbitals xy, yz, zx, and those
over χ (ζ) run over the pair of orbitals x2−y2, xy (zx, zy).
The values of the different interactions energies below
are given in terms of the Fj as follows: U = F0 + 4F2 +
36F4, Je = 4F2 + 15F4, Jt = 3F2 + 20F4, Ja = 35F4,
Jb = F2 + 30F4, and λ =
√
3(F2 − 5F4).
5The interaction is
HI = U
∑
α
nα,↑nα,↓
+ (U − 2Je)
∑
χ
∑
σ1,σ2
nχ,σ1n3z2−r2,σ2
+
U − 2Jt
2
∑
β 6=γ
∑
σ1,σ2
nβ,σ1nγ,σ2
+ (U − 2Jt)
∑
ζ
∑
σ1,σ2
nx2−y2,σ1nζ,σ2
+ (U − 2Ja)
∑
σ1,σ2
nx2−y2,σ1nxy,σ2
+ (U − 2Jb)
∑
ζ
∑
σ1,σ2
n3z2−r2,σ1nζ,σ2
+ Je
∑
χ
∑
σ1,σ2
d†χ,σ1d
†
3z2−r2,σ2
dχ,σ2d3z2−r2,σ1
+
Jt
2
∑
β 6=γ
∑
σ1,σ2
d†β,σ1d
†
γ,σ2
dβ,σ2dγ,σ1
+ Jt
∑
ζ
∑
σ1,σ2
d†
x2−y2,σ1
d†ζ,σ2dx2−y2,σ2dζ,σ1
+ Ja
∑
σ1,σ2
d†
x2−y2,σ1
d†xy,σ2dx2−y2,σ2dxy,σ1
+ Jb
∑
ζ
∑
σ1,σ2
d†
3z2−r2,σ1
d†ζ,σ2d3z2−r2,σ2dζ,σ1
+ Je
∑
χ
(d†χ,↑d
†
χ,↓d3z2−r2,↓d3z2−r2,↑ +H.c.)
+ Jt
∑
β 6=γ
d†β,↑d
†
β,↓dγ,↓dγ,↑,
+ Jt
∑
ζ
(d†
x2−y2,↑
d†
x2−y2,↓
dζ,↓dζ,↑ +H.c.)
+ Ja(d
†
x2−y2,↑
d†
x2−y2,↓
dxy,↓dxy,↑ +H.c.)
+ Jb
∑
ζ
(d†
3z2−r2,↑
d†
3z2−r2,↓
dζ,↓dζ,↑ +H.c.)
+ λ
∑
σ1,σ2
[2(nyz,σ1 − nzx,σ1)(d†3z2−r2,σ2dx2−y2,σ2 +H.c.)
−2(d†
3z2−r2,σ1
dxy,σ1 +H.c.)(d
†
zx,σ2
dyz,σ2 +H.c.)
+
√
3(d†
x2−y2,σ1
dzx,σ1 +H.c.)(d
†
xy,σ2
dyz,σ2 +H.c.)
−
√
3(d†
x2−y2,σ1
dyz,σ1 +H.c.)(d
†
xy,σ2
dzz,σ2 +H.c.)
+(d†
3z2−r2,σ1
dzx,σ1 +H.c.)(d
†
xy,σ2
dyz,σ2 +H.c.)
+(d†
3z2−r2,σ1
dyz,σ1 +H.c.)(d
†
xy,σ2
dzx,σ2 +H.c.)
+(d†
3z2−r2,σ1
d†zx,σ2dx2−y2,σ2dzx,σ1
−d†
3z2−r2,σ1
d†yz,σ2dx2−y2,σ2dyz,σ1 +H.c.)]
+ λ[(dx2−y2,↓d3z2−r2,↑ − dx2−y2,↑d3z2−r2,↓)
×(d†zx,↑d†zx,↓ − d†yz,↑d†yz,↓) + H.c.] (A4)
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